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Switchbacks – abrupt reversals of the magnetic field within the solar wind – have been ubiquitously ob-
served by Parker Solar Probe (PSP). Their origin, whether from processes near the solar surface or within the
solar wind itself, remains under debate, and likely has key implications for solar wind heating and acceleration.
Here, using three-dimensional expanding box simulations, we examine the properties of switchbacks arising
from the evolution of outwards-propagating Alfvén waves in the expanding solar wind in detail. Our goal is
to provide testable predictions that can be used to differentiate between properties arising from solar surface
processes and those from the ‘in-situ’ evolution of Alfvén waves in switchback observations by PSP. We show
how the inclusion of the Parker spiral causes magnetic field deflections within switchbacks to become asym-
metric, preferentially deflecting in the plane of the Parker spiral and rotating in one direction towards the radial
component of the mean field. The direction of the peak of the magnetic field distribution is also shown to be
different from the mean field direction due to its highly skewed nature. Compressible properties of switchbacks
are also explored, with magnetic-field-strength and density fluctuations being either correlated or anticorrelated
depending on the value of β , agreeing with predictions from theory. We also measure dropouts in magnetic-field
strength and density spikes at the boundaries of these synthetic switchbacks, both of which have been observed
by PSP. The agreement of these properties with observations provide further support for the Alfvén wave model
of switchbacks.

I. INTRODUCTION

A striking observation by Parker Solar Probe [1] (PSP) dur-
ing its passes of the Sun has been the presence of ‘switch-
backs’: abrupt reversals of the magnetic field within the so-
lar wind [2–8]. Switchbacks exhibit primarily Alfvénic cor-
relations between magnetic and velocity fluctuations with
a nearly constant magnetic-field strength, implying (com-
bined with electron strahl measurements [3]) that they are
local rotations of the magnetic-field vector. The mecha-
nism that heats and drives the solar wind is still uncertain,
with models of magnetically driven solar wind generally
split into two categories: wave/turbulence driven (WTD) and
reconnection/loop-opening (RLO) (see e.g., Ref. 9). These
models relate broadly to the heating of the solar wind by
Alfvén waves and turbulence, or by energetic processes near
the Sun such as magnetic reconnection. Given their signifi-
cant energetic content, it is reasonable to hope that a better
understanding of the origin of switchbacks may lead to further
progress on these broader questions relating to the heating and
launching of the solar wind itself.

Current theories of switchback formation fall into two
classes, with a rough correspondence to these two solar-wind
heating mechanisms. ‘Ex-situ’ mechanisms posit that impul-
sive events such as magnetic reconnection [10–12] and jets
[13] near the solar surface generate switchbacks. These mech-
anisms are mostly related to the RLO model of heating. In
contrast, ‘in-situ’ mechanisms argue that switchbacks form
due to processes within the solar wind itself, such as the de-
velopment of non-linear Kelvin-Helmholtz instabilities [14]
across stream boundaries. These in-situ mechanisms gener-
ally tie into the model of WTD heating.

Perhaps the simplest theory, which falls into the in-situ

class, is that switchbacks result from the evolution of Alfvén
waves in the expanding solar wind. Alfvén waves are known
to be common in the corona and solar wind [15, 16], with their
amplitude relative to the background magnetic field growing
as they propagate outwards due to the expansion of the plasma
[17, 18]. Ref. 19 used numerical simulations of expanding
turbulence within the solar wind to show that switchbacks
can form organically from an initial collection of outwards-
propagating Alfvén waves. Switchbacks are also observed in
the simulations of Ref. 20, where they analysed the evolution
of outwards-propagating Alfvénic fluctuations within a mag-
netic flux tube stretching from the base of the solar corona
out to 40 solar radii. Furthermore, Ref. 21 (hereafter M+21)
examined the properties of non-linear Alfvén waves vary-
ing along one direction and gave a theoretical basis for how
switchbacks arise from the constraints of constant magnetic-
field strength and wave-amplitude growth in an expanding so-
lar wind.

In this paper, we further examine the properties of switch-
backs arising from the in-situ evolution of Alfvén waves,
and obtain a number of testable predictions that can be com-
pared to switchback observations by PSP. We solve the lo-
cally isothermal MHD expanding box equations [22–24] ap-
proximating the evolution of a patch of solar wind out-
side the Alfvén point (where the Alfvén speed approxi-
mately equals the solar wind velocity) using high-resolution
three-dimensional numerical simulations. We initialize these
simulations with a collection of randomly phased, large-
amplitude, outwards-propagating Alfvén waves with near
constant magnetic-field strength (imagined to have propagated
outwards from inside the Alfvén point), with this initial col-
lection of waves displaying switchback-like features. The
large amplitude of the fluctuations causes them to exhibit large
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magnetic field reversals, allowing switchbacks to evolve nat-
urally.

We investigate how the properties of these switchbacks de-
pend on a range of parameters chosen to mimic those in the
solar wind. A particular focus is the inclusion of the Parker
spiral [25], i.e. a mean magnetic field with a non-radial com-
ponent. We find that the asymmetry caused by this Parker
spiral causes the magnetic field within switchbacks to be tan-
gentially skewed and preferentially deflect towards the radial
in the radial-tangential plane. This also causes the direction
the peak of the magnetic field distribution to point in a differ-
ent direction from the Parker spiral direction. The addition of
the Parker spiral may also increase the fraction of switchbacks
compared to a radial field, although this is dependent on the
strength of turbulent effects. The β -dependent correlations
between magnetic-field-strength and density fluctuations pre-
dicted by M+21 are also observed within these switchbacks.
‘Dropouts’ in magnetic-field strength and density spikes at
switchback boundaries with sharp changes in magnetic field
and velocity components, shown to be a key property of
switchbacks by Ref. 26, are also observed in these simula-
tions, suggesting many compressive properties of switchbacks
can be understood from the in-situ model Alfvénic model.

In our companion paper Ref. 27 (hereafter S+22), we ex-
tend the theory of M+21 to the non-radial background field
of the Parker spiral. We find that simple considerations
arising from ∇ · B = 0, the constancy of the magnetic-field
strength, and the effects of expansion on wave amplitudes and
wavenumbers allow one to infer a number of non-trivial ef-
fects that arise due to the Parker spiral. Combined with the
results of M+21, these results allow us to understand qual-
itatively most key results measured from the 3-D numerical
simulations in this paper.

The results presented in this paper imply that the switch-
back properties that we measure arise naturally from the basic
evolution of Alfvénic structures in-situ; in our simulations,
nothing is the product of solar-surface processes, since our
initial conditions are simply a random collection of outwards-
propagating waves. An example is the strong directional
asymmetries of switchbacks within a Parker spiral, which we
demonstrate straightforwardly can arise completely indepen-
dently of any asymmetries in the source of Alfvén waves.
These predictions can be tested against observations to help
differentiate between the influence of in-situ and ex-situ pro-
cesses on the properties of switchbacks within the solar wind.

An important complication of the Alfvénic in-situ scenario,
which unfortunately cannot be explored in detail in the stan-
dard expanding box model used here, is turbulence. As the
plasma expands in our model, outwards-propagating waves
reflect and generate inwards-propagating fluctuations, causing
the development of reflection-driven turbulence [28]. Outside
the Alfvén point, the growth of the amplitude of fluctuations
relative to the background magnetic field can stop if there is a
strong enough turbulent cascade [29], meaning the growth of
switchbacks may be stalled. The exact scalings for this turbu-
lent behaviour remain highly uncertain, and such effects com-
plicate predictions of the volume filling fraction and growth
of switchbacks as a function of radius. However, we also ar-

gue based on previous works that conditions below the Alfvén
point are extremely conducive for wave growth with or with-
out turbulence, allowing for fluctuations to reach large ampli-
tudes as they propagate outwards.

A. Outline

In § II, we present the theory needed to understand how
switchbacks evolve in the Alfvén wave model. We outline
the expanding box model used in this paper (§II A), and give
a summary of the results from our companion paper S+22
(§ II B), which will be compared to a number of diagnos-
tics later in the work. The thorny issue of how turbulence
may hinder the growth of switchbacks outside the Alfvén
point is discussed in § II C, although this remains uncertain.
This motivates brief consideration of switchbacks inside the
Alfvén point in §II D, allowing us to imagine large-amplitude
outwards-propagating waves starting at the Alfvén point as
our initial conditions. An overview of the simulations and nu-
merical methods used in this paper is presented in §III. Then,
we investigate the properties of switchbacks generated by the
evolution of Alfvén waves in § IV, which presents the evolu-
tion of the fraction of switchbacks and its dependence on tur-
bulence within simulations (§IV A), asymmetries arising due
to the presence of a Parker spiral (§ IV B), and compressible
properties of switchbacks (§ IV C). We conclude in § V with
a summary of results and a discussion of how they relate to
theory and observation.

II. THEORY

A. Expanding plasma dynamics beyond the Alfvén point

In this paper, we focus on the structures and properties
of switchbacks arising from the evolution of large-amplitude
Alfvén waves outside the Alfvén point, the heliocentric dis-
tance from the Sun RA, at which the Alfvén speed vA approx-
imately equals the solar-wind speed U . For R� RA, the solar
wind has constant U , and its evolution can be described by
the expanding box model (EBM) of Ref. 22. Here, the spher-
ical expansion of a parcel of outwards-travelling plasma can
be approximated, in the frame moving with the bulk solar-
wind flow, by expansion perpendicular to the radial within a
Cartesian frame. Aligning the x-axis with the outwards radial
direction, the mass density ρ , flow velocity u, and magnetic
field B evolve in this expanding frame as

∂ρ

∂ t
+ ∇̃ · (ρu) =−2

ȧ
a

ρ, (1a)

∂u
∂ t

+u · ∇̃u =− 1
ρ

∇̃

(
c2

s ρ +
B2

8π

)
+

B · ∇̃B
4πρ

− ȧ
a

T ·u,

(1b)
∂ B
∂ t

+u · ∇̃B = B · ∇̃u−B∇̃ ·u− ȧ
a

L ·B. (1c)
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Here, a(t) = 1+ ȧt is the expansion parameter representing
the growth of the perpendicular lengths of the frame, with ȧ
the constant expansion rate (due to constant U). The expan-
sion parameter can be directly equated with R(t)/R0, where
the heliocentric distance R(t) = R0 +Ut for some initial R0;
this implies that ȧ/a(t) =U/R(t). The gradient in the expand-
ing frame is modified to ∇̃ = (∂x,a−1∂y,a−1∂z). The matrices
T = diag(0,1,1) and L = diag(2,1,1) represent anisotropic
‘friction-like’ terms due to conservation of angular momen-
tum and magnetic flux during expansion. A locally isother-
mal equation of state is used to relate the thermal pressure and
density, with cs the speed of sound within the plasma.

The EBM reproduces key scalings of quantities seen within
the solar wind beyond the Alfvén point. For a given quantity
f , we decompose it into its spatial mean (or background) part
f and its fluctuating part δ f = f − f . Conservation of mass,
angular momentum, and magnetic flux within the box force
the background density, velocity, and magnetic field to scale
as ρ ∝ a−2, ux ∝ a0, uy,z ∝ a−1, Bx ∝ a−2, and By,z ∝ a−1. The
Alfvén speed, vA = B/

√
4πρ then scales as vA = |vA| ∝ a−1

for a radial background field. We take the sound speed cs to
scale as a−2/3, representing the cooling of the solar wind dur-
ing its adiabatic expansion without an external heating source.

These scalings also allow the Parker spiral to be captured
within this model [30]. Following the scalings above, the
Parker angle ΦP (defined as the angle of the background field
from the radial in the xy-plane) scales as

tanΦP = By/Bx ∝ a; (2)

this shows that a background magnetic field with an initial
non-zero non-radial component will rotate away from the ra-
dial as the box expands.

In contrast to the scalings of background quantities above,
the normalized amplitude of Alfvénic fluctuations in the WKB
regime with frequencies� ȧ/a scale as

Aδ B ≡ |δ B|/|B| ∝ a1/2, Aδu ≡ |δu|/vA ∝ a1/2 (3)

for a radial background field. For a Parker spiral with small
initial angle Φ0 � 1, these approximately scale as Aδ B ∝

a1/2(1+a2Φ2
0)
−1/2 (and similarly for Aδu). This implies that,

once |ΦP| & 45◦, the normalized amplitude of Alfvénic fluc-
tuations decreases with expansion instead of increasing (see
§III B of S+22 for more details).

PSP measures quantities in the Radial-Tangent-Normal
(RTN) coordinate system, where the radial (R) is the direction
pointing from the Sun to PSP, the normal (N) is the direction
of the component of the solar north direction perpendicular to
R, and the tangential (T) is the direction orthogonal to R and
N such that the coordinate system is right-handed. Through-
out this paper, we identify the x-, y-, and z-axes with the R,
T, and N directions respectively. This places the Parker spiral
within the RT-plane, as observed by PSP.

B. Formation of switchbacks from large-amplitude Alfvén
waves

In essence, the in-situ Alfvénic theory of switchback for-
mation is based on the properties of large-amplitude Alfvén
waves and how they grow in an expanding plasma. Here we
summarize some conclusions from M+21 and our companion
paper S+22, which is focused on the Parker spiral. We will
see elements of each of these conclusions show up in the 3-D
simulation analyses below. A key idea is that

P = const., ρ = const., B2 = const., δu =± δ B√
4πρ

(4)
(where P is the plasma’s thermal pressure) is a non-linear so-
lution to the compressible (non-expanding) MHD equations,
which propagates along the mean field B at the speed vA. Our
simulations below will be initialized with a random 3-D field
that approaches Eq. (4) (there is small residual B2 variation);
such states are seen ubiquitously in the solar wind. Given
their propagation speed and other properties, these solutions
are the non-linear generalization of the linear MHD Alfvén
wave, with the interesting property that – regardless of the per-
turbation amplitude δ B – they do not distort and form shocks
(unlike, for example, sound waves or magnetosonic waves;
Ref. 31). However, the constraint B2 = const. is quite se-
vere, since coupled with ∇ · B = 0, it leaves only one degree
of freedom for the magnetic field. Our results are based on
understanding how these coupled constraints (∇ · B = 0 and
B2 = const.), as well as wave growth, lead to reversals in the
field – i.e., switchbacks – for fields that vary only along one
direction p̂. While the 1-D assumption is certainly not truly
valid in any realistic plasma, we suggest – supported by the
results of our simulations below – that most of the results ap-
ply more generally, with the p̂ direction corresponding to the
direction of fastest variation for some 3-D structure. Thus, for
example, a 1-D field with p̂ nearly perpendicular to B relates
to 3-D structures that are extended in the B direction com-
pared to the perpendicular direction. This rough correspon-
dence is unsurprising: the importance of the p̂ direction in
1-D solutions arises because ∇ ·δ B = 0 implies p̂·δ B = 0, so
the correspondence simply relies on the ∇· being dominated
by variation in δ B along some particular direction. An addi-
tional effect of importance is that expansion causes p̂ to rotate
towards the radial direction, i.e., structures to become more
extended in the perpendicular direction.

Some key ideas, which each relate to observations or our
simulations below, are as follows:
(i) Switchbacks form preferentially for highly perpendicular
structures, viz., those with p̂ ·B/|B| � 1 (M+21). This prop-
erty is a simple consequence of the fact that a switchback re-
quires δ B to have a significant component δB‖ in the direction
of B, which is not possible if p̂ and B are nearly aligned be-
cause p̂ · δ B = 0. This parallel component is approximately
given by

δB‖/|B| ∼min{A2
δ B,Aδ B sinϑ}, (5)

where ϑ is the angle between p̂ and B. δB‖/|B| scales as
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a1/2 for oblique wavevectors and as a−1/2 for nearly paral-
lel wavevectors, showing that switchback growth from 1-D
waves decreases once enough expansion has occurred, even if
Aδ B keeps growing.
(ii) In an otherwise perfect Alfvénic solution (Eq. (4)), expan-
sion generates small B2 perturbations (Eq. (3)). These per-
turbations, which arise from the compressive flow needed to
change the shape of δ B as it grows in amplitude, are mini-
mized for β of order unity, depending on the obliquity of the
wave (see M+21 fig. 1). As this occurs, the compressive po-
larization ratio ξ ∝ δ (B2)/δ (ρ) changes sign.
(iii) Counter-intuitively, the Parker spiral can significantly en-
hance the formation of switchbacks due to expansion, for 1-D
waves that are initially modestly oblique (as opposed to highly
oblique), even though the normalized wave amplitude grows
more slowly with a Parker spiral. This occurs because the
rotation of the mean-field can aid in making a wave more per-
pendicular (thus forming more switchbacks per Eq. (5)) be-
fore the Parker spiral rotates past ΦP ' 45◦ and the normal-
ized wave amplitude starts decreasing.
(iv) In the presence of a Parker spiral mean field in the xy-
plane, switchbacks should preferentially involve perturbations
in δBy (tangential field deflections), rather than in δBz (nor-
mal field deflections). The reason is simply that for a ran-
dom collection of wavevectors p̂ that are preferentially radial
(due to expansion), those with p̂ in the ẑ direction are on av-
erage more perpendicular to B than when p̂ ∼ ŷ (then see
point (i) above). Alfvénic field perturbations are largest in
the p̂×B direction, thus suggesting δBy perturbations prefer-
entially cause larger switchbacks.
(v) Tangentially directed switchbacks with a Parker spiral are
asymmetric, meaning they preferentially deflect the magnetic
field towards the radial direction (specifically the Bx direction)
to cause a switchback fluctuation. This occurs as a conse-
quence of maintaining B2 = const. through a region where By
crosses through zero, which requires δBxsign(Bx) to increase
rather than decrease through the field rotation that forms the
switchback.
(vi) Compared to a radial background field, switchbacks that
form from 1-D waves in a Parker spiral are sharper and more
intermittent. By this, we mean that they feature more sudden
reversals in the field, but these reversals are spaced between
longer quiet periods (even when starting from smooth initial
conditions).
(vii) As a direct consequence of points (v) and (vi), in a
constant-B field with a Parker spiral, the mode of the mag-
netic field direction (i.e., its most common direction) is sig-
nificantly rotated away from the radial compared to its mean
(i.e., the Parker spiral direction, which is the propagation di-
rection of perturbations). In other words, in the presence of
large fluctuations, a measurement of the Parker angle from
the most common field direction will give an answer that is
significantly larger than the true Parker angle.

Out of these conclusions, we consider (i), (ii), (iv) and (v)
to be the more important for turbulent, 3-D situations (see be-
low). This is because these conclusions relate primarily to
the structure of δ B fluctuations at a given time, coupled (ex-

cept for case (i)) to the effects of expansion changing Aδ B and
biasing structures to be more extended in the perpendicular
than the radial direction. In contrast, conclusions (iii), (vi),
and (vii) likely relate more specifically to the way that single
waves grow and how p̂ rotates compared to the mean field.
These will be strongly modified by turbulence, which, as we
now discuss, causes both strong interactions between different
wavevectors, and additional damping of δ B perturbations.

C. The influence of turbulence on switchbacks

Processes near the solar surface and corona generate mainly
outwards-propagating z+ fluctuations that travel with the so-
lar wind. However, the solar wind is demonstrably turbu-
lent, which requires non-linear interactions between z+ and
z− perturbations to develop. The question, then, is how the
z− perturbations are generated within the solar wind. The
Alfvén speed within the solar wind decreases with distance
from the Sun, as the magnetic fields and density of the plasma
decay to satisfy conservation of mass and magnetic flux. This
speed gradient can be shown to act as a reflection term for z+
fluctuations, generating z− perturbations and causing a tur-
bulent cascade via the process of reflection-driven turbulence
[28, 32–35].

1. Reflection-driven turbulence beyond the Alfvén point

Reflection-driven turbulence can be captured in the EBM
used in this paper, with Eq. (1) containing terms represent-
ing the reflection of waves. To show this, we decompose the
velocity and magnetic field into their background and fluc-
tuating parts, and assume a Sunward radial background field
and no background flow; the small Parker spiral angles we
consider in this paper should not significantly change the re-
sults of this discussion. We further assume no density fluc-
tuations (δρ = 0), and that ρ and B are spatially homoge-
neous solutions that satisfy Eq. (1). The Elsasser variables are
then defined as z± = δu±δ b, where δ b = δ B/

√
4πρ is the

magnetic field in velocity units. Finally, we assume that the
fluctuations are incompressible and perpendicular to the back-
ground field: ∇̃ · δu = 0, δu · B = 0, and δ B · B = 0. As B
is Sunward pointing, the z± variables represent outwards- and
inwards-propagating fluctuations, respectively.

Using these assumptions, Eq. (1) can be written in a form
that highlights this reflection of waves using the variables
z̃± ≡ a1/2 z±:

∂ z̃+

∂ t
− vA · ∇̃ z̃+ =−a−1/2 z̃− · ∇̃ z̃+−a1/2

ρ
−1

∇̃ptot−
ȧ

2a
z̃−,

(6)

∂ z̃−

∂ t
+ vA · ∇̃ z̃− =−a−1/2 z̃+ · ∇̃ z̃−−a1/2

ρ
−1

∇̃ptot−
ȧ

2a
z̃+.

(7)

Here, the first term on the right-hand side represents the non-
linear interactions between the perturbations that give rise to
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a turbulent cascade, and the pressure gradient term, where
ptot = c2

s ρ+B2/8π , enforces the incompressibility of the fluc-
tuations (∇̃ · z± = 0). The final term represents the generation
of perturbations via reflection due to expansion. For refer-
ence below, we define the rms amplitudes z± ∼ ((z±)2)1/2

and z̃± = a1/2z±.
Ref. 36 and Ref. 29 suggest a simple phenomenology

for understanding the behaviour of the z+ fluctuations due
to turbulence, requiring two assumptions. First, outwards-
propagating fluctuations are assumed to dominate and have
large amplitudes compared to inwards-propagating fluctua-
tions (i.e., z−� z+), allowing us to neglect the z− reflection
term in Eq. (6); and second, in Eq. (7) the driving due to re-
flection balances the non-linear damping of z− fluctuations
[37]. This leads to the scaling z̃− ∼ (ȧλ+/2)a1/2, where λ+

is a characteristic length scale of the z+ · ∇̃ term that causes
the turbulent damping of z− (Ref. 29 assume that the length
scales of non-linear interactions λ± ∝ a). One then inserts
this into the z+ equation to derive scalings for the evolution
of z̃+. Because z− � z+, we neglect the z− reflection term
in Eq. (6) and obtain ∂t z̃+ ∼−a−3/2(z̃−/λ−)z̃+, where λ− is
the characteristic length scale of the z− · ∇̃ term. Inserting the
scalings for z̃− and assuming λ+ ∼ λ− gives

z̃+ ∼ a−1/2. (8)

Writing Eq. (8) in terms of the Elsasser variables, we obtain
the scaling z+/vA ∼ const. for the normalized amplitudes of
the fluctuations. This shows that strong non-linear interactions
between z+ and z− fluctuations can counter the effects of the
WKB growth of normalized amplitudes (Eq. (3)), stagnating
the growth of z+ fluctuations.

The strength of the turbulent cascade arising from the non-
linear interactions between z+ and z− fluctuations can be
measured with the parameter

χ ≡ k⊥z+

k‖vA
, (9)

which compares the strength of the non-linear interactions
(proportional to k⊥z+) to linear effects (proportional to k‖vA)
for the z− fluctuations. The second assumption above, where
the driving due to reflection balances the non-linear damping
of z− fluctuations in Eq. (7), requires χ & 1 so that non-linear
effects dominate and the system can become strongly turbu-
lent, damping fluctuations via an energy cascade. In the oppo-
site regime, χ� 1, the turbulence will instead be weak, which
invalidates the argument used above.

2. The effects of turbulent damping on switchback formation

A rough estimation of χ can be obtained by using z+/vA ∼
|δ B|/|B|= Aδ B, giving

χ ≈ Aδ B
k⊥
k‖

. (10)

As discussed above (point (i) in § II B), M+21 found that
switchbacks form preferentially in oblique structures with
k⊥ & k‖ (sinϑ ∼ 1 in Eq. (5)), which is a simple consequence
of ∇ ·δ B = 0. However, increasing k⊥/k‖ increases the value
of χ , via Eq. (10). This then implies that the system will be
strongly turbulent, and thus satisfy the scaling Eq. (8), with
expansion-induced growth of Aδ B and Aδu balanced by turbu-
lent decay.

Ideally, one would like to study the growth of switchbacks
in the solar wind starting from small-amplitude, nearly linear
Alfvén waves, as thought to be released from the solar sur-
face. To form switchbacks, such waves must:
(i) Have their normalized amplitudes grow to reach Aδ B ∼ 1
and Aδu ∼ 1;
(ii) Be (at least modestly) oblique with respect to the back-
ground magnetic field, with k⊥ & k‖ (see Eq. (5));
(iii) Start with χ . 1, so that they can grow as in the WKB
regime without significant energy decay due to a turbulent cas-
cade.

However, the wave obliquity, k⊥/k‖, scales as a−1 due to
expansion, which causes χ to scale as a−1/2. This implies
that the three constraints on switchback formation above are
incompatible: if we start with χ < 1 and z+/vA� 1 at low al-
titudes, then k⊥� k‖ by the time z+/vA ∼ 1. But, increasing
the initial k⊥/k‖ to counter this effect means that χ will be ini-
tially� 1, which causes strong turbulent decay, no growth of
z+/vA, and thus no switchback formation. This implies that,
within the EBM, it is likely not possible to form switchbacks
from initially low-amplitude waves (unless they are close to
one-dimensional, as in M+21 and S+22).

At first sight, the above argument appears to invalidate
the in-situ formation of switchbacks from small-amplitude
Alfvénic fluctuations propagating outwards from low alti-
tudes. However, the EBM scalings, on which these arguments
rely heavily, are valid only far beyond the Alfvén point in the
constant-velocity expanding wind. As we show below (§II D),
amplitude scalings in the sub-Alfvénic wind are, in contrast,
highly conducive to the formation of switchbacks, even in the
presence of turbulence. Finally, it is also worth noting that
the exact scalings for this turbulent decay remain highly un-
certain, with the predictions of the phenomenological model
above decaying modestly faster than what is observed in sim-
ulations and within the solar wind [28, 38]. Further investi-
gation of reflection-driven turbulence is needed. In addition,
other physical effects may also be at play within the solar
wind, such as the helicity barrier, which stops the turbulent
cascade from reaching small scales [39, 40], thus presumably
halting the decay of z+.

D. Wave growth and scaling inside the Alfvén point

The estimates of the previous paragraph appear rather pes-
simistic for the in-situ formation of switchbacks from small-
amplitude fluctuations at the solar surface: in an expanding
constant-U wind, random 3-D waves will become turbulent if
χ & 1, in which case z+/vA may not grow at all as waves prop-
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agate outwards. Further, it is not possible to reach z+/vA ∼ 1
with k⊥ & k‖ (as needed for switchbacks) while maintaining
χ . 1, because χ ∝ a−1/2 is a decreasing function of a even
for linear WKB waves. However, these scalings apply only
to the super-Alfvénic wind where U ∼ const.� vA, for helio-
centric radii R & RA. In this section, we show that for R < RA,
amplitude scalings are, to the contrary, extremely conducive
to the formation of switchbacks, either with or without tur-
bulence. The arguments we make here are based on well-
known and understood scalings [18, 29, 41–43] that produce
reasonable agreement with observations [e.g., 44, 45]. Fur-
ther, global flux-tube simulations, which correctly capture this
physics, have already been shown to produce switchbacks
starting from low-amplitude initial conditions [20].

As described in e.g., Refs. 28 and 29, the z̃± equations (6)–
(7) in the EBM are in fact the U � vA limit of more gen-
eral evolution equations that also apply for R < RA (equations
2.19-2.20 of Ref. 28). These assume the existence of a near-
radial flux tube, with background radial field strength B0(R)
and mass density ρ(R), and use wave-action conservation [18]
to show that the ‘generalized wave-action variables,’

z̃+WA =
1+η1/2

η1/4 z+, z̃−WA =
1−η1/2

η1/4 z−, (11)

propagate unchanged in the absence of reflection and non-
linear interactions. Here η ≡ ρ/ρA, where ρA is the value of ρ

at R = RA, meaning R� RA (R� RA) evolution is described
by the limit η � 1 (η � 1). In addition, as shown by Ref. 31
and 41 the scaling (11) applies to 1-D Alfvénic (constant-B)
fluctuations of arbitrary amplitude, even once Aδ B & 1. In
the EBM limit (see below), z̃±WA become the z̃± defined in
equations (6) and (7), as expected. For comparison to these
scalings, we define a2 to be the cross-sectional area of a flux
tube, meaning magnetic-flux and mass-flux conservation im-
ply B0 ∝ 1/a2 and ρU ∝ 1/a2, respectively. This further im-
plies that vA(R) = η1/2U , a ∝ η−1/2U−1/2 = η−1/4v−1/2

A , and
U ∝ a2v2

A, with the additional information that for reason-
able solar-wind solutions outside ∼2R�, vA decreases mono-
tonically with R, while U and a increase with R. In addi-
tion, we note that in the absence of turbulence, wavevectors
scale with the Lagrangian frame as k⊥ ∝ a−1 and kx ∝ U−1

(where kx refers to the radial wavenumber). The scaling for kx
arises because the radial size Lx of an expanding fluid parcel
changes as dLx/dt = LxdU/dR, where all quantities are eval-
uated at the instantaneous radial location of the parcel. Using
dU/dR=U−1dU/dt and integrating, one obtains Lx ∝ U (see
Ref. 46 for more information).

Expanding the scaling (11) in the limit η � 1 and U ∼
const. as applicable to R� RA, we obtain the expected EBM
results from §II A: a∼ η−1/4, ρ ∼ a−2, B0 ∼ a−2, vA ∼ a−1,
giving Aδ B ∼ z±/vA ∼ η−1/4 z̃±WA ∼ a1/2 z̃±WA (recall that z̃±WA
are constant in the absence of reflection and non-linearity).
The opposite limit, η� 1 as applicable to R� RA gives z± ∼
±η−1/4 z̃±WA, or

z+

vA
∼ a3/2

U1/4 z̃+WA ∼
a

v1/2
A

z̃+WA. (12)

TABLE I. Properties of simulations studied in this work. The param-
eters explored include the value of the plasma beta, β0, and the ap-
proximate normalized amplitude of the Alfvénic fluctuations, Aδ B,0,
at the start of the expanding phase. All simulations have ȧ = 0.5
and are expanded up to a = 5. A radial background magnetic field
along the x-axis is imposed for all simulations except for Cubic-
Parker15HR, which has an initial non-radial y-component chosen
such that the Parker angle ΦP =−15◦ at a = 5.

Name Resolution β0 Aδ B,0
CubicHR 12003 0.35 1
CubicParker15HR 12003 0.35 1
Cubic-β00.16 8003 0.16 1
Cubic-β01 8003 1.0 1
Cubic-χ00.2 8003 0.3 0.2
Cubic-χ01.4 8003 0.5 1.4

Because U and vA are, respectively, increasing and decreas-
ing functions of R, this shows that Aδ B increases as aα where
1 < α < 3/2. This is a much more rapid increase in amplitude
than with constant expansion. As relates to the evolution of
3-D fields and turbulence, two further points are worth men-
tioning. First, using the single-wave evolution scalings, one
finds χ ∼ a1/2U3/4, showing χ is an increasing function of a,
the opposite to the EBM at R� RA. This difference is aided
both by Aδ B growing more rapidly than in the EBM, and by
k⊥/kx decreasing less rapidly. Second, if one applies the same
reflection-driven turbulence phenomenology discussed above
(§ II C) but without assuming η � 1 (the EBM), one finds
z̃+WA ∝ v1/2

A (see equation (25) of Ref 29), implying Aδ B ∝ a,
viz., the turbulent decay remains far too weak to counter the
strong amplitude growth caused by expansion (indeed, strong
wave growth is seen in detailed simulations of such turbu-
lence [43, 47]). Put together, these two points counter both
issues discussed above for switchback growth in the EBM:
first, waves can start in the nearly linear regime, χ � 1, and
grow to large amplitudes z+/vA & 1 with k⊥ & k‖ (i.e., χ & 1),
as needed to form strong switchbacks; second, if the system
does become strongly turbulent (χ & 1), z+/vA is expected to
continue growing, thus potentially reaching z+/vA & 1 any-
way.

Overall, we see that to study switchback formation from
small amplitude waves requires a model that can capture
large-amplitude fluctuation evolution for R . RA. The accel-
erating expanding box of Ref. 46 may be appropriate for this
for future study, but is well beyond the scope of this work.
Another option, global flux-tube simulations, have already
demonstrated that switchbacks can form under such condi-
tions [20], but are computationally expensive, limiting the
available resolution. Thus – as discussed in the introduction
and elsewhere – we focus on the properties of large-amplitude
Alfvénic switchbacks, as opposed to their growth and scaling
with a.
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III. NUMERICAL METHODS AND SIMULATIONS

A. Numerical solution of the expanding box model

To solve Eq. (1) of the EBM, we use the finite-volume astro-
physical code Athena++[48, 49]. The HLLD Riemann solver
of Ref. 50, modified to include the effects of expansion, is
used as it is well suited to capture the sharp discontinuities
commonly seen within switchbacks. A previous implementa-
tion of the EBM in Athena++ unfortunately led to small-scale
numerical instabilities at large expansion factors [19]. In this
paper, we use the variables [51, 52] ρ ′ = λρ , u′ = Λ−1 · u,
and B′ = λΛ−1 ·B in Athena++, where Λ= diag(1,a,a) and
λ ≡ det Λ = a2. Extensive numerical testing has shown the
implementation of these variables to be more robust and sta-
ble, allowing for simulations with larger expansion factors.
Further details of the modifications to the HLLD solver are
given in the Appendix.

B. Simulation parameters and initial conditions

For this paper, we choose a small set of simulations (Ta-
ble I) to illustrate our key points. All simulations are initially
in a cubic domain, with Lx = L⊥ = 1 (using L⊥ to denote both
Ly and Lz). A background magnetic field B is set in the xy-
plane with Bx < 0 and |B| = 1 initially, as well as a uniform
mass density ρ = 1. All simulations have ȧ = 0.5 in order to
be relevant to the outer scale of the solar wind turbulent cas-
cade. The key parameters we vary across the simulations are
the initial Parker spiral angle, the initial value of χ , and the
plasma β . We investigate how the evolution of switchbacks
is affected by a non-radial background magnetic field in Cu-
bicParker15HR, where the initial value of By > 0 is chosen
(via Eq. (2)) such that ΦP =−15◦ at a = 5. This corresponds
to the Parker angles observed by PSP, which typically sees
ΦP between −10◦ and −20◦. To showcase how the growth
of fluctuations is affected by turbulent decay, we vary the ini-
tial value of χ ≈ Aδ B within the simulations. Here, we use
k⊥/k‖ ≈ Lx/L⊥ = 1 to approximate the initial value of χ at
the outer scales of the domain. All simulations have χ ≈ 1
initially, except for Cubic-χ00.2 and Cubic-χ01.4 which have
χ ≈ 0.2 and 1.4. Finally, we investigate the dependence of
compressible properties within switchbacks by changing the
initial value of the plasma beta

β ≡ 8πc2
s (ρ/B2) (13)

in Cubic-β00.16 and Cubic-β01, which have β = 0.16 and 1
initially.

The box length Lx corresponds to the physical length scale
2.4×106 km, and an outwards-propagating Alfvén wave with
parallel wavelength Lx has frequency 8.5× 10−5 Hz (equa-
tions 4-6 of Ref. 19 with Γsim = 0.5). Assuming a constant ra-
dial wind speed of 350 km/s, a Parker angle of ΦP =−15◦ at
a = 5 corresponds to a heliocentric radial distance of ≈ 50R�
(where R� is the radius of the Sun). Because a scales linearly
with distance from the Sun, the simulations start out approxi-
mately at the Alfvén point at RA ≈ 10R�.

1. Generating spherically polarized initial conditions

Waves with near constant magnetic-field strength B2 and
Alfvénic correlations between the magnetic fields and velocity
are commonly seen in the solar wind. These waves are a non-
linear solution of the compressible MHD equations (Eq. (4)),
and are often called spherically polarized due to the constant-
B2 constraint. To better mimic the conditions of solar wind,
we wish to initialize the simulation in a spherically polarized
state. A useful way to quantify this is the ‘magnetic compres-
sion’ [19]:

CB2 ≡
(B2)RMS

(BRMS)2 =

√
B2−B2

/
|B−B|2. (14)

CB2 is a measure of how the components of B are correlated
to keep B2 constant. This is a non-linear effect that is rel-
evant only for large amplitude waves. For example, when
Aδ B� 1, fluctuations δ B perpendicular to the mean magnetic
field B with total magnetic-field strength |B| = |B+ δ B| re-
sult in |B|/|B| = 1+O(A2

δ B), which is constant to first order
in Aδ B; however, when Aδ B ∼ 1, perpendicular fluctuations
alone will result in large fluctuations in B2. In a perfect spher-
ically polarized Alfvén wave, the components of the magnetic
field are correlated in such a way as to keep B2 precisely con-
stant, causing CB2 = 0; this allows the magnetic compression
to be used as a proxy for the degree of spherical polarization
of the waves.

Near the Sun, the measured CB2 is small, with values of
approximately 0.1− 0.3 seen in data from PSP (Chen, per-
sonal communication). This low magnetic compression is re-
flected in the near constant magnetic-field strength observed
in switchbacks. This suggests that initializing simulations
with a small CB2 would be preferable, to better mimic the con-
ditions within the solar wind around the Alfvén point. How-
ever, it is extremely difficult to initialize a constant-B2 state
across a 3-D simulation in general, as the magnetic field must
also satisfy ∇ ·B = 0 reducing the number of degrees of free-
dom available to one. Although methods to generate an ini-
tial constant-B2 state have been explored in previous work
[53, 54], it is not feasible for the magnetic fields in the simu-
lations of this paper with their additional requirements of ran-
dom amplitudes and phases of the initial collection of Alfvén
waves.

The simulations looked at in this work are initialized with
a collection of linear Alfvénic z+ waves. This causes CB2 ≈ 1
initially, due to there being no correlations between their
components as there is no constraint keeping B2 constant.
These waves can be thought of as a ‘superposition’ of non-
linear, spherically polarized Alfvén waves with constant-B2

and compressive fluctuations that cause B2 to change [31]. If
this collection of waves is allowed to evolve without expan-
sion, the compressible fluctuations rapidly dissipate by pro-
cesses such as shocks, leaving behind a nearly constant-B2

Alfvénic state and reducing CB2 to values� 1.
Based on this argument, we use the following method to

generate near spherically polarized initial conditions in our
simulations; namely, using the evolution of non-expanding
MHD itself. The steps are as follows:
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b̂z

10−1x
y

z

FIG. 1. Expansion of the CubicHR simulation, showing the turbulent structure of the z-component of the magnetic field unit vector b̂ = B/|B|.
From left to right are snapshots at a = 1, 2, and 5 (not to scale); structures appear to become sharper with expansion.

(i) We initialize the simulations with a collection of outwards-
propagating, linear z+ waves using a sum of Fourier modes
(i.e., waves with z− = 0 or δu = δ B/

√
4πρ). These waves

are given random amplitudes and phases, and are polarized
like linear Alfvén waves in the k×B direction.
(ii) The collection of waves is then evolved without expan-
sion for one Alfvén period. This causes the system to evolve
towards a state with CB2 ≈ 0.3 as the waves decay and rear-
range themselves.
(iii) This low-CB2 state is then used as the initial condition for
the expanding regime. Note that waves in this state already
display some switchback-like features (as in Fig. 4a below), as
would be the case for fluctuations propagating from R < RA.

The initial collection of Alfvén waves are given a Gaus-
sian energy spectrum E(kx,k⊥) ∝ exp{−[(kx− kx,0)

2 +(k⊥−
k⊥,0)2]/k2

w}, where k⊥ = (k2
y + k2

z )
1/2. This was chosen as

it gave higher switchback fractions than using other choices
of initial energy spectra, a feature also seen in Ref. 19, and
likely related to a higher fraction of nearly perpendicular
wavenumbers. The parameters kx,0 = κ‖(2π/Lx) and k⊥,0 =
κ⊥(2π/L⊥) set the centre of the Gaussian peak in k-space, and
kw = 12/L⊥ sets the width of the peak. To have initially large-
scale fluctuations near the box scale, we set κ‖ = κ⊥ = 2. The
decay of the waves during the non-expanding phase causes the
fluctuation amplitude A2

δ B to also decay. Because of this, we
initialize simulations with a larger normalized amplitude dur-
ing the initial non-expanding phase, so that it decays to reach
the values listed in Table I at the beginning of the expansion.

C. Evolution of global properties in simulations

Figure 1 shows the emergence of turbulent structures
with expansion in the CubicHR simulation, showing the z-
component of the magnetic-field unit vector b̂ = B/|B|. Visu-
ally, these structures become sharper with expansion, a fea-

ture that is also seen in Fig. 4 below. Figure 2 shows the
evolution of fluctuating quantities with expansion within all
simulations. The evolution of the normalized amplitudes Aδ B
and Aδu is shown in Fig. 2a, and is compared to the expected
WKB growth of waves with expansion proportional to a1/2.
The normalized amplitudes of fluctuations within simulations
with χ & 1 grow slower than the linear prediction, as is es-
pecially noticeable in Cubic-χ01.4, which hardly grows at all.
This is in reasonable agreement with the phenomenology in
§ II C, where the balancing of the non-linear interactions and
reflections of z± pertubations can cause amplitude growth to
stagnate. In contrast, fluctuations in the Cubic-χ00.2 simula-
tion with their lower initial amplitudes are able to nearly fol-
low the WKB prediction due to the reduced strength of non-
linear interactions.

We show the evolution of the normalized cross helicity

σc =
(z+)2− (z−)2

(z+)2 +(z−)2
(15)

in Fig. 2b. This quantity is a key diagnostic of the properties
of turbulence both within simulations and the solar wind, as
there exist no non-linear interactions when σc =±1. All sim-
ulations start out with σc near 1, after decreasing slightly from
σc = 1 during the non-expanding relaxation phase. The nor-
malized cross helicity decreases further with expansion, due to
the generation of z− fluctuations from the reflection of z+ per-
turbations. Despite being in a weaker turbulent regime from
the smaller wave amplitudes, the normalized cross helicity in
Cubic-χ00.2 also decreases with expansion; we suspect this is
due to the evolution of non-WKB modes with kx = 0.

In Fig. 3, we show the evolution of β (Eq. (13)) and the
magnetic compression CB2 (Eq. (14)). Except for Cubic-
χ00.2, all simulations start with CB2 ≈ 0.3 due to the initial
non-expanding relaxation phase, showing that fluctuations ap-
proach a spherically polarized state with small fluctuations in
B2. The relaxation of the system to this state is a non-linear
effect, with simulations with greater initial amplitudes such
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FIG. 2. Evolution of fluctuating quantities with expansion in the
simulations listed in Table I. Panel (a) shows the squared normal-
ized fluctuation amplitudes A2

δ B (solid) and A2
δu (dashed), scaled by

their initial value at a = 1. In all simulations except for Cubic-χ00.2
these normalized amplitudes grow slower than the expected WKB
wave growth (dotted-dashed line) proportional to a, which is a con-
sequence of the influence of turbulent decay on the growth of fluctu-
ations. Panel (b) shows the decrease in normalized cross helicity σc
(Eq. (15)) with expansion due to the growth of z− fluctuations from
the reflection of z+ fluctuations.

as Cubic-χ01.4 reaching smaller values of CB2 compared to
the low-amplitude Cubic-χ00.2 (inset). This is because B2

is already nearly constant due to the small amplitudes of the
fluctuations, and CB2 only measures the correlations between
components. The magnetic compression in CubicHR and Cu-
bicParker15HR is minimized compared to the Cubic-β00.16
and Cubic-β01 simulations; this is discussed in more detail
below in §IV C 1.

IV. PROPERTIES OF ALFVÉNIC SWITCHBACKS

In this section, we explore some more detailed properties of
switchbacks within our simulation as they evolve with expan-
sion. We study their magnetic field asymmetries and compres-
sive properties, with the goal of comparing to basic theories of
M+21, S+22, and observations. We first define a switchback,
a region where the magnetic field B has deflected from the

0.1
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β
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C
B

2
FIG. 3. Evolution of the plasma beta (a) and magnetic compression
CB2 (b) with expansion, with line styles as in Fig. 2. The majority of
simulations start with a small CB2 , highlighting the near spherically
polarized nature of fluctuations. The inset in panel (b) shows how the
smaller initial amplitudes in Cubic-χ00.2 gives rise to a larger CB2 .

background magnetic field B by more than some threshold
angle, via the normalized deflection parameter [4]

z≡ 1
2
(1− cosϑz), (16)

with the deflection angle ϑz given by

cosϑz =
B ·B
|B||B|

. (17)

Here, z = 0 if the magnetic field and background magnetic
field are parallel, and z = 1 if they are antiparallel. We look at
regions that satisfy z≥ 0.125 to z≥ 0.75 increasing in steps of
0.125; z = 0.25, 0.5, and 0.75 correspond to deflections from
the background field of 60◦, 90◦, and 120◦, respectively.

Figure 4 shows simulated flybys along the direction
(1,
√

2/2,π/8) through the CubicHR simulation at a = 1
(showing the large-amplitude initial conditions) and a = 5
(Fig. 4a and b), and the CubicParker15HR simulation at a = 5
(Fig. 4c), tracing the components of the magnetic field B and
the magnetic-field strength |B|. Due to Taylor’s hypothesis
of frozen-in flow, these flybys allow a crude representation of
the structures PSP would see. Large rotations of the magnetic
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FIG. 4. Flybys through CubicHR at a = 1 (a) and a = 5 (b), and CubicParker15HR at a = 5 (c), showing the magnetic-field strength |B| in
black and the components of B in blue (Bx), green (By), and red (Bz). All quantities are normalized to the background magnetic-field strength
|B|. The bottom panels show the corresponding normalized deflection parameter z. Switchbacks with z ≥ 0.25 are highlighted in grey, and
those with z≥ 0.5 are highlighted in blue.
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FIG. 5. PDFs of |∆ϑz| (Eq. (18)) from flybys in CubicHR (solid)
and CubicParker15HR (dashed), comparing the distributions at a= 1
(red) and a = 5 (black). Rotations become sharper with expansion in
both simulations, with magnetic fields in a Parker spiral are exhibit-
ing larger, sharper rotations than in the case of a radial background
field. This feature is a prediction of the 1-D analysis of S+22.

field are observed in both simulations, and switchbacks with
z ≥ 0.25 (grey) and 0.5 (blue) are common. The magnetic-
field strength stays approximately constant throughout switch-
backs, with only small fluctuations occurring, highlighting the
near spherically polarized nature of the fluctuations. It is clear
that the components of B are correlated to keep B2 constant,
as expected from the small CB2 seen in Fig. 3b.

The rotations of the magnetic field appear to grow sharper
with expansion, as shown by the steeper appearance of fluc-
tuations in Fig. 4b compared to in Fig. 4a. We investi-
gate whether this holds more quantitatively by calculating the
change in ϑz at each point l along the flyby using

∆ϑz(l)≡ 〈ϑz〉ahead−〈ϑz〉behind. (18)

Here, 〈ϑz〉ahead and 〈ϑz〉behind denote an average of ϑz over 5
grid points ahead and behind l. This averaging is done to en-
sure no grid-scale fluctuations are mistakenly identified as a
rotation. Figure 5 shows PDFs of |∆ϑz| measured in flybys
through CubicHR and CubicParker15HR at both a = 1 and
a = 5, with larger values of |∆ϑz| corresponding to sharper ro-
tations of the magnetic field. Magnetic fields tend to undergo
sharper rotations with expansion, as seen in both Fig. 1 and
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FIG. 6. Evolution of the switchback volume fraction fz≥zth in CubicHR (a), CubicParker15HR (b), and Cubic-χ01.4 (c), measuring the fraction
of grid cells with z greater than or equal to some threshold value zth. Switchbacks with larger deflections from the background field grow for
longer with a Parker spiral than with a radial background field, due to the wavevectors of more waves staying oblique to the background field
as they rotate with expansion. Panel (c) shows that waves with large amplitudes initially can give rise to a greater fraction of large magnetic
field rotations, and that strong turbulent effects can stagnate the growth of these switchbacks.

Fig. 4. Furthermore, magnetic field rotations with a Parker
spiral are more likely to be sharper compared to those with a
radial background field. This property is expected based on
the 1-D calculations of our companion paper S+22 (point (v)
in §II B), so is decent evidence of the applicability of 1-D ar-
guments to complex 3-D fields. This is also an observationally
testable prediction that could be studied in data.

A. Switchback fraction evolution

Figure 6 shows the evolution of fz≥zth , the fraction of cells
within the simulation containing switchbacks with z greater
than or equal to some threshold value zth. In the high reso-
lution CubicHR and CubicParker15HR simulations (Fig. 6a
and b), we see the fraction of large deflections from the back-
ground field increase with the expansion of the box and the
corresponding growth of the normalized amplitude of fluctu-
ations. This increasing number of larger deflections from the
background field with expansion seems to agree with observa-
tions [6]. The addition of a Parker spiral causes the fraction of
switchbacks to increase with expansion at large a, in contrast
to the levelling-off of growth with a radial field. The evolution
of three-dimensional switchbacks differs from the theory of 1-
D Alfvénic solutions, which predicts that the switchback frac-
tion decays once the wavevector reaches an angle . 45◦ from
the mean field (Eq. (5)). For the switchback fraction to in-
crease with expansion, there must be a mechanism that repop-
ulates oblique modes that rotate towards the radial due to this
expansion, as these modes preferentially aid in the evolution
of switchbacks (M+21; point (i) of § II B). This repopulation
is presumably provided by the evolution of the turbulence. As
explained in S+22 (also point (iii) of §II B), the rotation of the
background field also aids in the evolution of the switchback
fraction, as more wavevectors can remain oblique for longer
as they rotate towards the radial.

However, this switchback growth does depend on the
strength of turbulent effects, and so the detailed rate of switch-

back growth seen in Fig. 6 remains only a qualified predic-
tion of this model. In particular, both CubicHR and Cubic-
Parker15HR start out with χ ≈ 1 which decreases with expan-
sion, placing them on the boundary between the nearly linear
WKB regime and strong turbulence, as seen in Fig. 2a. In
contrast, the larger initial amplitude of waves in Cubic-χ01.4
causes amplitude growth to stagnate (see discussion in §II C).
Figure 6c shows that in this case, the switchback fractions are
relatively constant with expansion. Interestingly, this means
that as well as hindering the growth of switchbacks by stop-
ping the growth of Aδ B, turbulence cannot also destroy them
even though the expansion naturally drives eddies to become
more parallel.

The dependence on the evolution of switchbacks on turbu-
lence demonstrates two key points. First, in order to make de-
tailed observational comparisons to switchback fraction evo-
lution, it is crucial to understand the evolution of χ in the solar
wind (as it could vary between streams). Second, it supports
the idea of the growth of the normalized amplitude of pertur-
bations is the key factor in the evolution of switchbacks: in
this model, if the amplitude does not grow, the switchback
fractions remain constant. It is also worth noting that the frac-
tion of switchbacks with z ≥ 0.5 in Cubic-χ01.4 is very high,
fz≥0.5 ≈ 5−7%, which is similar to that observed by PSP [2].
This demonstrates that 3-D Alfvénic states can exhibit very
high switchback fractions, so long as the fluctuation ampli-
tude is sufficiently high.

Similar trends are seen in lower resolution simulations, in-
cluding a number of other tests not presented here, although
in general fz≥zth is a decreasing function of resolution (as also
noted by Ref. 19 and Ref. 20). This is because the higher res-
olution reduces the effect of numerical dissipation in damp-
ening out the quick and sharp changes typical of switchbacks,
allowing for greater switchback fractions.
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FIG. 7. 2-D histograms of the angular deflections φ and θ (Eq. (19))
of the magnetic field measured over the entire box in Cubic-
Parker15HR at a = 1 (a), a = 2 (b), and a = 5 (c). The position
of the mean magnetic field is shown by the red cross, with an angle
of ΦP = −6◦ and −15◦ in (b) and (c); an angle of φ = 180◦ rep-
resents a Sunwards-pointing magnetic field. Dotted lines represent
contours of z = 0.07, 0.25, 0.5, and 0.75, corresponding to deflec-
tions of 30◦, 60◦, 90◦, and 120◦ from the background field. The
distribution shows a slight tangential bias for small deflections from
the Parker spiral in b); however, the peak of the distribution shifts fur-
ther towards the +T direction (φ = 90◦) compared to the background
field at later times (c). In addition to this, a preference for deflections
with z ≥ 0.25 to point towards the −T direction (φ = 270◦) is also
seen in (b) and (c), as shown by the slower drop-off in contours com-
pared to the +T direction.

B. Asymmetry of switchback magnetic-field deflections

With a radial background field in the EBM, by symmetry,
there should be no preferred direction for the magnetic field
to deflect in. Including a non-radial component to the mag-
netic field (i.e., the Parker spiral) will break this symmetry,
introducing a bias to these deflections. Here, we investigate
asymmetries within switchbacks caused by including the evo-
lution of a Parker spiral.

1. Angular deflection distributions

In their analysis of switchback observations by PSP, Ref. 4
found that angular deflections of the magnetic field were
nearly isotropic with respect to the Parker spiral. To see
whether the magnetic fields in our simulations share this prop-
erty, we plot the evolution of 2-D histograms of the angles

φ = arctan
(

By

Bx

)
, θ = arcsin

(
Bz

B

)
(19)

for every magnetic field vector within the CubicParker15HR
simulation in Fig. 7. These are the angle from the radial in
the RT-plane and the elevation out of the RT-plane towards
the normal, respectively. We bin the angles of every magnetic
field vector in a uniform grid in φ and θ . To compensate for
the shrinking of areas near the poles when these uniform grids
are plotted on a sphere, we use a weighting factor of 1/cosθ .

Figure 7a and b show the distributions at a = 1 and 2. Here,
they are roughly centred on the Parker spiral, which itself is
nearly radial (with ΦP ≈ −3◦ and −6◦, respectively); these
distributions are similar to angular distributions taken from
CubicHR, with its purely radial background field. Although
nearly isotropically distributed around the Parker spiral ini-
tially at a = 1, small deflections from the Parker spiral ini-
tially show a slight tangential bias, as shown by the elongated
distribution for deflections with z≤ 0.25 in Fig. 7b; however,
larger deflections become near-isotropically distributed. The
distribution changes as the background field rotates further
from the radial. An interesting feature at a = 5 in Cubic-
Parker15HR (Fig. 7c) is the shift in the peak of the distribution
towards φ = 90◦ (the +T-direction) compared to the Parker
spiral direction for deflections with z≤ 0.25. This shows that
the direction of the mean field does not align with the most
probable direction of the magnetic field. However, the larger
counts of deflections with z ≥ 0.25 towards φ = 270◦ than
90◦ suggests that the magnetic field within these switchbacks
preferentially point in the opposite direction (towards the −T
direction). More generally, the distributions in Fig. 7 show
that the Parker spiral causes strong asymmetry in switchback
deflections purely as a result of expansion and field rotation,
without requiring any asymmetry of the source (in our case
the initial conditions of the simulations).

2. Switchback clock angle

An alternative measure of the direction of deflection of
magnetic-field vectors within a switchback is the ‘clock an-
gle’ [5]. For each magnetic field vector B within a switchback
region, we project it onto the plane containing the N direction
perpendicular to the background field B. This plane can be
thought of as the TN-plane (or equivalently the yz-plane) ro-
tated such that it is perpendicular to B; we denote the rotated
tangential direction as T′. The clock angle ϑCA of the pro-
jected vector Bproj is then its angle measured clockwise from
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FIG. 8. Histogram of clock angles of all magnetic field vectors within regions of magnetic-field deflections satisfying z≥ 0.25, 0.5, and 0.75
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clock angle distributions measured in CubicParker15HR. The distri-
butions clearly centre around the −T′ direction (−90◦, dashed black
line) with expansion, with larger deflections more likely to point
along −T′ as shown by the decreasing angular spread. The inset
shows the evolution of the angular spread of clock angle distribu-
tions measured in CubicHR, showing that they are not as focused in
a given direction compared to those with a non-radial background
field.

the +N-axis, given by

ϑCA = arctan
(

Bproj,T′

Bproj,N

)
, (20)

where Bproj,T′ and Bproj,N are the T′ and N components of
Bproj. A clock angle of 0◦, 90◦, 180◦, and −90◦ corresponds

to the +N, +T′, −N, and −T′ directions, respectively.
Figure 8 shows polar histograms of the clock angle of mag-

netic field vectors inside switchbacks satisfying z ≥ zth for
zth = 0.25, 0.5, and 0.75 in the CubicParker15HR simula-
tions at a = 5, with similar histograms from CubicHR at a = 5
shown as insets. These histograms are related to the deflec-
tions in Fig. 7, and can be computed from the sum of all vec-
tors lying outside the corresponding contour of z (dotted lines
in Fig. 7; in this way the information in Fig. 8 is a subset of
that in Fig. 7). Magnetic field vectors with deflections along or
near θ = 0◦ in Fig. 7 will have ϑCA ≈±90◦ (with the sign de-
pending on the direction of deflection from the Parker spiral),
while those with θ ≈ 90◦ (−90◦) will have ϑCA ≈ 0◦ (180◦).

The addition of a non-radial background magnetic field
in CubicParker15HR causes magnetic-field vectors within
switchbacks to evolve with a preferential deflection along or
near the −T′ direction, with this deflection along −T′ becom-
ing more pronounced for switchbacks with larger deflections
from the background field. This is in contrast to switchbacks
with a purely radial field in CubicHR, which show no pre-
ferred deflection direction, as must be the case by symmetry.

Figure 9 shows the evolution of the average clock angle
〈ϑCA〉 and angular spread ∆ϑCA of the clock angle distribu-
tions for the CubicParker15HR simulation. These quantify the
average directional asymmetry of the distribution, as well as a
measure of how focused the distribution is around this average
direction. The clock angle distribution quickly becomes cen-
tred around the−T′ direction (ϑCA =−90◦), with the angular
spread of the distributions decreasing with increasing z. This
shows that the clock angle of switchbacks with larger deflec-
tions from the background field are focused around the −T′

direction (as seen in Fig. 8). This contrasts with the CubicHR
simulation with just a radial mean magnetic field, with the
inset in Fig. 9 showing a consistently higher angular spread
of the distributions compared to those with a Parker spiral,
as must be the case since the distributions inset in Fig. 8 are
quasi-isotropic.



14

These deflections are in or near the RT-plane containing the
Parker spiral, and points in the direction towards the radial
component of the background field B. To confirm this result,
we ran a lower resolution simulation with the Parker spiral
reaching ΦP = 15◦ at a = 5 with By < 0, so that the back-
ground magnetic field rotates in the opposite direction as the
box expands. Here the deflections were centred around the
+T′ direction, again pointing in the direction towards the ra-
dial component of B, showing that this is a robust effect of
introducing a non-radial background magnetic field.

3. Parker spiral: Discussion

The results above show that the Parker spiral introduces a
clear asymmetry into deflections of the magnetic field, both
globally and inside switchbacks. The presence of a back-
ground field with even a small non-radial component, as in
Fig. 7a and b, causes the distribution of small deflections from
the mean to elongate more along the tangential direction com-
pared to when a radial field is used. These results seem to
roughly correspond with observations [4, 5, 55], where pref-
erential tangential deflections of the magnetic field are seen.
As the mean field rotates further from the radial with expan-
sion, the most probable direction that magnetic fields point in
shifts even further towards the tangential (Fig. 7c). This shows
that if this strong deflection is also true within data from PSP,
care may need to be taken for the method of averaging the
magnetic field in finding the direction of the Parker spiral.

Figure 7 also shows the angular distribution of magnetic
fields within switchbacks with large ϑz. In Fig. 7c, larger
counts of magnetic field deflections with z ≥ 0.25 are seen
towards φ = 270◦ over φ = 90◦, corresponding to a preferred
deflection in the −T over the +T direction. These deflections
correspond to the asymmetric distribution of deflections seen
in the clock angle distributions in Fig. 8 and Fig. 9.

This asymmetrical nature of tangential magnetic-field de-
flections within a switchback is a robust property of the Alfvén
wave model of switchbacks, with the simulation results shown
here matching with theoretical expectations based on 1-D
wave model (S+22). The basic cause of these asymmetries
is that, as the mean field rotates away from the radial with ex-
pansion, wavevectors p̂ along the normal direction are on av-
erage more perpendicular to B than those along the tangential
direction. These normal-directed wavevectors then generate
larger Alfvénic perturbations in the tangential direction, via
p̂×B. Furthermore, these tangential deflections are asymmet-
ric as a consequence of keeping B2 = const. (points (iv) and
(v) of §II B).

Whether switchbacks within the solar wind show this asym-
metric, tangentially skewed nature of deflections is still uncer-
tain, however. In contrast to the strong skewness of deflections
above, Refs. 4, 5 and 55 report that switchbacks show pref-
erential deflections in both the +T and −T directions (there
may also be indications of this effect in the model of Ref. 12).
This may be due to a variety of factors, including different
amplitudes or χ (Equation (9)), or different Parker spiral an-
gles; regardless, the general asymmetry is consistent with our

arguments. The slight tangential bias of small deflections in
Fig. 7b may be an indication of preferential deflections in both
the +T and−T directions in the Alfvén wave model, although
signs of this in a clock angle histogram as in Fig. 8 are over-
whelmed by the near-isotropic nature of larger deflections. It
would be interesting to see how this bias is affected by the
amplitude of the fluctuations; this is left to be investigated in
future work. In general, though, it is clear that the asymmet-
ric switchback distributions cannot necessarily be associated
with asymmetries of the source.

C. Compressible properties of switchbacks

Although switchbacks primarily exhibit Alfvénic correla-
tions between magnetic-field and velocity fluctuations, they
also show variations in density and B2, signifying compress-
ible behaviour. To compare with both theory and obser-
vations, we now investigate the compressible properties of
switchbacks.

1. Beta dependence of correlations between magnetic-field
strength and density fluctuations

The statistical analysis of PSP switchback observations by
Ref. 56 showed that fluctuations in density and magnetic-field
strength are positively correlated in some switchbacks, while
being negatively correlated in others. M+21 argue that this
may be a consequence of the expanding-Alfvén-wave nature
of switchbacks, with their analytical theory predicting a de-
pendence of the correlation of these fluctuations on β and the
angle of the wavevector to the background field. Although this
prediction is for an Alfvén wave that varies only in one dimen-
sion, we can directly test whether it carries over to the com-
plex three-dimensional case, which is clearly more directly
relevant to solar-wind observations. We define the ‘polariza-
tion fraction’ ξ as

ξ ≡ δ (B2)/B2

δρ/ρ
, (21)

where δ f represents the fluctuating part of a quantity (as
defined in § II A). In ideal MHD with no expansion, ξ can
be thought of as a measure of the magnetosonic waves,
which have a positive (negative) correlation between magnetic
and thermal pressure for the fast (slow) magnetosonic wave.
When the effects of expansion are included, however, M+21
show that Alfvén waves gain a compressive component be-
cause they must continuously change shape to remain spheri-
cally polarized. M+21 predict that for expanding, spherically
polarized Alfvén waves with k⊥ & k‖, ξ > 0 if β . 1 and ξ < 0
if β & 1, with a minimization of magnetic pressure fluctuations
(ξ = 0) at β ≈ 1 for structures with k⊥ ∼ k‖.

Figure 10 shows probability distribution functions (PDFs)
of ξ calculated within switchbacks with z≥ 0.5 in the Cubic-
β00.16, CubicHR, and Cubic-β01 simulations. All simulations
have been further run to a = 10 in order to more clearly show



15

−4 0 4
0.0

0.2

0.4

0.6
P

a)

−4 0 4

ξ

b)

−4 0 4

c)

FIG. 10. PDFs of the polarization fraction ξ (Eq. (21)) measured within switchbacks with z ≥ 0.5, showing its dependence on β . These
PDFs are measured in the Cubic-β00.16 (a), CubicHR (b), and Cubic-β01 (c) simulations during their expansion from a = 1 (purple) to a = 10
(yellow). The evolution of β in these simulations range from 0.16 to ≈ 0.3 in Cubic-β00.16, ≈ 0.35 to ≈ 0.6 in CubicHR, and 1 to ≈ 2 in
Cubic-β01. The correlation between magnetic pressure and density fluctuations trends towards being positive for smaller values of β (a), and
towards negative for larger values (c), with a minimization for β ≈ 1 (b), agreeing with the predictions made by M+21.
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FIG. 12. Superposed epoch analysis of the fractional change in
density ρ across switchback boundaries in flybys through CubicHR
(solid) and CubicParker15HR (dashed) at a = 5, showing spikes in
ρ relative to the average value outside switchbacks. The direction of
travel is the same as in Fig. 11.

the results. These simulations start out and evolve with differ-
ent values of β within the ranges considered by M+21, with
the numbers in the Cubic-β00.16 and Cubic-β01 labels corre-
sponding to the initial value of β in these simulations which
increases with expansion (as shown in Fig. 3a); the CubicHR
simulation has β ≈ 0.35 initially. We see that ξ trends to-
wards positive values in Cubic-β00.16 and negative values in
Cubic-β01, while staying closer to zero for CubicHR. Similar

trends in ξ are also seen when fluctuations are measured over
the entire box rather than just inside switchbacks.

A consequence of this change in polarization in the theory
of M+21 is that fluctuations in B2 are minimized as β passes
through a critical value. We see this in the evolution of CB2 in
Fig. 3b. Recall that CB2 is a measure of how the components
of B are correlated to keep B2 constant, with smaller values
of CB2 corresponding to smaller fluctuations in B2 within the
system. The Cubic-β00.16 and Cubic-β01 simulations consis-
tently have a higher value of CB2 in Fig. 3b, with CB2 being
minimized in CubicHR. This provides simulation evidence for
the theory of M+21, even in complex 3-D Alfvénic structures.

2. Compressible properties of switchback boundaries

Ref. 26 perform a superposed epoch analysis on the prop-
erties of switchback boundaries, studying how physical quan-
tities such as density and magnetic field components varied
as PSP travelled through switchbacks. They found that the
magnetic-field strength |B| remains constant throughout the
switchback, except at switchback boundaries, where quick de-
creases in |B| they termed ‘dropouts’ were observed. The pro-
ton density inside switchbacks was also reported to decrease
relative to outside, with spikes in density often occurring at
the boundaries.

To assess whether the switchbacks in the model of in-situ
Alfvén wave evolution have similar properties at their bound-
aries, we perform a similar superposed epoch analysis to
Ref. 26 on the CubicHR and CubicParker15HR simulations.
Using the same flyby data as shown in Fig. 4, we use a peak
finding algorithm to find the locations where |∆ϑz| (Eq. (18))
is greater than 45◦. This corresponds to the sharp rotations of
the magnetic field at switchback boundaries. These bound-
aries are separated into switchback entries and exits (as in
Ref. 26), defined by ∆ϑz/|∆ϑz| = 1 and −1 respectively. For
each boundary, we then look at the values of the magnetic-
field strength |B| and density ρ from 40 grid points on ei-
ther side of the boundary, and calculate the fractional change
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of these quantities relative to their mean across the 40 grid
points outside the switchback defined as (|B|− |B|out)/|B|out
and (ρ−ρout)/ρout. A superposed epoch analysis is then per-
formed separately for all switchback entries and exits, where
the fractional changes are added together and averaged to
highlight any trends across switchback boundaries.

The results of this analysis are shown at a = 5 in Fig. 11
and Fig. 12. At both the entry and exit of switchback bound-
aries, the magnetic-field strength |B| experiences dips rela-
tive to the mean |B| outside the switchback. Corresponding to
these dropouts are spikes in density across switchback bound-
aries. Due to the averaging nature of the superposed epoch
analysis used, common features are highlighted while random
fluctuations are removed. This suggests these dropouts in |B|
and spikes in density are robust features at the boundaries of
switchbacks seen within our simulations.

3. Compressible properties: Discussion

Switchbacks in the expanding Alfvén wave model exhibit
compressible properties that are in reasonable agreement with
both observation and theory. The evolution of the polariza-
tion fraction ξ in Fig. 10 as well as the minimization of CB2

in Fig. 3b for certain values of β shows that the β -dependent
predictions of simple 1-D Alfvén waves in M+21 apply quali-
tatively to the complex 3-D cases seen within these expanding
box simulations. This further adds support to the predictions
of M+21 in explaining observational data (e.g. Ref. 56).

The dropouts in |B| and spikes in density across switchback
boundaries are remarkably similar to those seen in switchback
observations by PSP. Ref. 26 posit that the dropouts in |B|
observed are due to a diamagnetic boundary current across
that cancels the magnetic flux on either side of the switchback
boundary; the dropouts we see in our simulations suggest a
similar effect is likely happening in the simulations. A no-
ticeable difference to observations is that the density within
switchbacks does not decrease relative to the mean outside,
as shown in Fig. 12. However, we do not expect the density
to vary exactly as in observed switchbacks, as the isothermal
equation of state we use for these simulations is only an ap-
proximation to the true thermal properties of the solar wind.
Future work on this subject should include a more realistic
equation of state for better comparisons to data.

V. CONCLUSION

In this paper, we investigate the properties of switchbacks
arising from the evolution of Alfvén waves in the expand-
ing solar wind outside the Alfvén point. High-resolution
three-dimensional numerical simulations utilizing the expand-
ing box model are initialized with an outwards-propagating
collection of large-amplitude Alfvén waves, with this initial
collection of waves exhibiting switchback-like features that
evolve with expansion. The properties of these switchbacks
are shown to be in good agreement with both theory and ob-
servations by Parker Solar Probe, and allow us to make further

testable predictions. The key properties of switchbacks we
studied in this paper can be split into two categories: asym-
metries in the deflection of the magnetic field arising from the
addition of a Parker spiral, and compressible properties at the
boundaries of and within switchbacks.

The addition of a Parker spiral with even a small non-radial
component was found to affect switchback behaviour dramati-
cally, giving rise to asymmetrical, tangentially skewed deflec-
tions. Our companion paper S+22 (whose results are summa-
rized in § II B) investigates the behaviour of switchbacks in
the Alfvén wave model when a Parker spiral is included, and
complements the results of this paper. These properties can be
summarized as follows:
(i) Magnetic fields preferentially deflect in one direction
within switchbacks in a Parker spiral; switchbacks with ro-
tations more than 90◦ from the mean field exhibit this most
strongly (§ IV B 2; point (v) of § II B). These deflections are
‘tangentially skewed’: they point in the tangential direction
towards the radial component of the background magnetic
field. In contrast, switchbacks in a radial background field
are necessarily symmetric. Observations of switchbacks seem
to show a preference for deflections in the tangential direction
[4, 5, 55], although whether these are asymmetric is uncer-
tain; this can be tested with further switchback observations
by PSP.
(ii) In the distribution of magnetic field deflections with a large
Parker angle, the most probable direction is aligned further to-
wards the tangential direction than the Parker spiral (or mean
field) direction (§ IV B 1; point (vii) of § II B). If this is true
within solar-wind data from PSP, the most common field di-
rection may differ significantly from the Parker spiral direc-
tion, which is the direction that fluctuations propagate.
(iii) Switchbacks within a Parker spiral tend to exhibit sharper
rotations than in the case of a radial field (Fig. 5; point (vi) of
§II B).
(iv) The addition of a Parker spiral appears to enhance the
growth of switchbacks with expansion (§ IV A; point (iii) of
§ II B); however, the effects of strong turbulent decay (sum-
marized below) can stop this growth.

The compressible properties of switchbacks in this model
can be summarized as follows:
(i) Correlations between magnetic-field-strength and density
fluctuations within switchbacks follow the β -dependent pre-
dictions of Ref. 21 (§ IV C 1). This shows that the properties
of their model of Alfvénic switchbacks also carry over to
the complex, 3-D simulations in this paper, which are more
representative of the solar wind. This lends further support to
the predictions of Ref. 21 in explaining observational data.
(ii) The near constant magnetic-field strength within simula-
tions exhibits sharp ‘dropouts’ at switchback boundaries, as
well as spikes in density (§ IV C 2). These are akin to those
reported in switchbacks observed by PSP [26], and are likely
due to diamagnetic currents.

The use of the expanding box model – with its assump-
tion of constant solar-wind velocity – limits the applicability
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of these results to outside the Alfvén point, where turbulent
behaviour can stagnate the growth of the normalized ampli-
tude of fluctuations and stop the growth of switchbacks. The
normalized amplitude can grow inside the Alfvén point re-
gardless of turbulent decay, however, allowing us to imagine
the simulations start out with large-amplitude Alfvén waves
propagating outwards from the Alfvén point. Further inves-
tigations into the formation of switchbacks via Alfvén waves
need to use a model that can capture the evolution of waves in-
side the Alfvén point, such as the accelerating expanding box
of Ref. 46 or flux-tube simulations like those of Ref. 20.

We stress that the properties of switchbacks in this paper
arise naturally from the evolution of Alfvénic structures in-
situ: our simulations are initialized with a random collection
of large-amplitude, outwards-propagating Alfvén waves with
no assumptions of influence from solar-surface processes. Be-
cause of this, the results of this paper can be tested against
observations to help differentiate between the influences of
in-situ and ex-situ processes on the properties of switchbacks
within the solar wind.
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Appendix: HLLD Riemann Solver Implementation for the EBM

1. Equations

We use a modified version of the HLLD Riemann solver of
Ref. 50 to solve Eq. (1) within the expanding box frame. We
use the variables [51, 52]

ρ
′ = λρ, u′ = Λ−1

·u, B′ = λΛ−1
·B, ∇̃ = Λ−1

·∇
′,

(A.1)

where Λ = diag(1,a,a) is a matrix representing expansion
along the y and z directions, λ ≡ det Λ = a2, and ∇′ is the
expansion-free gradient. This change of variables removes the
expansion source terms in Eqs. (1a) and (1c), bringing them
into an ideal MHD-like form

∂ρ ′

∂ t
+∇

′
· (ρ ′u′) = 0 (A.2)

and

∂ B′

∂ t
−∇

′
× (u′×B′) = 0. (A.3)

All the effects of expansion are moved into the momentum
equation, which becomes

∂ (ρ ′u′)
∂ t

+∇
′
·G =−2Λ̇Λ−1

· (ρ ′u′), (A.4)

where the stress tensor

G = ρ
′u′u′+

(
c2

s ρ
′+

1
λ

(Λ ·B′)2

8π

)
(Λ−1)2− 1

λ

B′B′

4π
.

(A.5)
Ref. 57 gives more details on the derivation of these equations
and their stability for large expansion factors.

2. Modifying fluxes within the HLLD solver

The HLLD isothermal MHD Riemann solver developed
by Ref. 50 used in Athena++ calculates the fluxes through
faces normal to the x-, y- and z-directions one at a time.
This gives rise to a one-dimensional conservative equation
∂U/∂ t +∂ F/∂x = 0, where U is a vector of relevant quan-
tities and F is a vector of the fluxes of these quantities in
the x-direction. For the EBM with the change of variables
in Eq. (A.1), this gives

U =



ρ ′

ρ ′u′x
ρ ′u′y
ρ ′u′z
B′x
B′y
B′z


, F =



ρ ′u′x
ρ ′u′2x + p′tot,i−B′2x /a2

ρ ′u′xu′y−B′xB′y/a2

ρ ′u′xu′z−B′xB′z/a2

0
B′yu′x−B′xu′y
B′zu
′
x−B′xu′z


, (A.6)

where B′/
√

4π → B′ is used for simplicity of notation. The
quantity p′tot,i ≡ α

−1
i (a2c2

s ρ ′+(Λ ·B′)2/2) is the modified to-
tal pressure where i = x,y,z represents the direction the Rie-
mann solver is calculating the fluxes in, with αx = a2 and
αy = αz = a4. The source terms in the momentum equation
(right-hand side of Eq. (A.4)) are added on after the fluxes
have been calculated.

The speeds of the fast magnetosonic and Alfvén waves,
which are important in determining the fluxes through the cell
boundary as well as calculating the CFL condition required for
stability, are also modified when using this form of the equa-
tions. The Alfvén wave speed within the solver, vA = B/√ρ ,
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is simply multiplied by a factor of a−1 as in the scalings given
by the EBM (§ II A). In contrast, the expression for the fast
magnetosonic speed c f in this new implementation is split
into three cases depending on the direction of the solver, and
is given by

c f ,i =

√√√√ pB,i + γic2
s ρ ′+

√
(pB,i− γic2

s ρ ′)2−4γ2
i B′2i c2

s ρ ′

2ρ ′
.

(A.7)

Here, γx = 1, γy = γz = a−2, and pB,i ≡ γi(a−2B′2x +B′2y +B′2z )
is the solver-direction-dependent magnetic pressure within the
fast wave speed. The sound speed at the current point of ex-
pansion is given by cs(a) = cs0a−2/3, with cs0 the initial sound
speed.
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